5. Definite Integral

o The definite integral [af (x)dx can be expressed as the sum of limits as

.'Ef:b_ﬂ o
, Where " as n — oo

,ﬁf{l‘)dr = (b _H)rlzi—l:%c%[“f(ﬁ) + flath)+  + fla+t(n—Dk)]

e First fundamental theorem of integral calculus: Let /' be a continuous function on the closed interval [a, b]
and let 4 (x) be the area function. Then, 4 (¥) =7 (x) Vx€la, 2]

¢ Second fundamental theorem of integral calculus: Let f'be a continuous function on the closed interval [a,
b] and let F be an anti-derivative of /. Then,

13f (x)dx=[F(x)]2=F(b) — F (a)
[E]
2

I1
Example 2: Find: 2 ¥l1-x

12.:1.’.1'

Solution:
J—L—dx=sin y=F (x)
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By second fundamental theorem, we have
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o Definite integral: A definite integral is denoted by laf (¥) @x where a is the lower limit and & is the upper
limit of the integral. If [f(x)dx=F(x) +C, then

[Bf(x)dx=F(b) - F(a)

b b
o The definite integral laf (x) &% represents the area function A(x) since laf () @x is the area bounded by
the curve y = f(x), x € [a, b], the x-axis, and the ordinates x =a and x = b

e The steps for evaluating Jif (x)dx by substitution method can be listed as:

¢ Step I: Considering the integral without limits, substitute y = f(x) or x = g(v) to reduce the given integral to
a known form and the limits of integral are accordingly changed.
Step 2: Integrate the new integrand with respect to the new variable, and then find the difference of the
values at the obtained upper and lower limits.
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Example:

Evaluate: J = —dx
o & i o

Solution:

Put 1 +x3 =1

Then, 3x2dx = dt
Whenx=1,1r=2

x=2,t=9

_[ 2 - J‘r:!% :[Ingi]lj =log9-log2= |{Jg%

“4+x°

Evaluation of Definite Integrals through Integration by Parts
,f'bu vdr = [u [ d;r]Er — (e [vdz] de
Ja 7 S L a Ja, Ldg + = 7

Evaluation of Definite Integrals by Partial Fraction

In this method, we first simplify the rational function into two or more rational functions, which can be
integrated more easily. We then integrate the expression using partial fraction as we do in case of indefinite
integrals and put the limits to evaluate the definite integral.

» Some useful properties of definite integrals are as follows:
b

f()dx = |f (t)d

o
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fixydx= — [ Ff(x)dxIn particular, [f(x)dx=0
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b ¢ b
[f(dx= 7 ()dx+ [£(dx
i‘j‘(n.-).::!‘:r = E];f(a +b—x)dx

i

fi{x)dx= ?f{a —x)dx
o g 0

,rf(r]la!'n.' =
]

— B

Jf(x)dx+ Ef(b —x)dx

z;ff(_r)dx, if £(2a—x) = f(x)

da
[ f(x)dx=
: 0,if f(2a—x)= - f(x)

(o]
r— e, D
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Eﬂf{xjdr =
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L2 iinﬁx
if—_ i . dx
o g1 X —cos X

Example 3: Evaluate:

Solution:
S
11‘2 sin s
'—d_-r
L. o :
Let/= f_z RS TERES .. (D)

- O

_| xidx = I a+b—xidx
Using the property of definite integrals, @ s I )
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—_ T cos” T
I= . ﬁ'ﬁ
= oot z—sin®

Adding thf above 2 equations we get,

j‘ T ‘!I-ﬂ-ﬂl m‘ie'z d:l-

sin'z—costz

. “—; (=in z] (cos® =]1
o j_ n:.uﬂ.?z costz)(sn?z4-coa’z)

]

= (sin'z—cos’z) (sin'z+oostz+ sin’ T cost z]d

ﬂ:f:

(#in?z—cos?z)( sinz+coslz)

br

2f = [.7 |1 sin’z cos’z |dx

2

of — [F |1 = |4y

2] = f;1—u

2] = %f; [Q—Eg + 2cosdr — “f—&z]dz

__ 1 [29z , sindz  sin8z|7%
I = 12 [ 2 + 2 16 ]%
hlll lﬂ:lr gin M= o sin 2x sin dw
3 [29 + 16 2 T 15]
__ 9Oy
T
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2 f(x)dx, if f1is an even functionie if F( —x) = F(x)
1]

0,1f f 15 an odd functionte if f{—x)= —fix)
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